In this note, the logarithmically completely monotonic properties of the functions [ (1 + x)] y / (1 + xy) and (1 + y)[ (1 + x)] y / (1 + xy) are established and some related results are generalized and extended.
Introduction
In ref. [1] , Alsina and Tomás presented and proved for x ∈ [0, 1] and n ∈ N, by using a geometrical method, the following double inequality
As generalization and extension of inequality (1), Sándor [2] showed by analytical arguments that the function
is a decreasing function of x ≥ 0 for all y ≥ 1.
Recall that a function f is called completely monotonic (or logarithmically completely monotonic, respectively) on an interval I if f has derivatives of all orders on I and 0 ≤ (−1) k f (k) 
respectively) for all k ≥ 0 (or k > 0, *Corresponding author. Emails: qifeng@hpu.edu.cn, fengqi618@member.ams.org, qifeng618@hotmail.com, qifeng618@msn.com or http://rgmia.vu.edu.au/qi.html respectively) on I . A logarithmically completely monotonic function is also completely monotonic, but not conversely. For more detailed information, please refer to ref. [3] and the references therein.
The purpose of this note is to generalize the decreasingly monotonicity in ref. [2] to the logarithmically complete monotonicity.
Our main results are as follows.
THEOREM 1 For given y > 1, the function f (x, y) defined by equation (2) is decreasing and logarithmically concave with respect to x ∈ (0, ∞) and the second-order derivative of − ln f (x, y) with respect to x is completely monotonic in x ∈ (0, ∞). For given 0 < y < 1, the function f (x, y) is increasing and logarithmically convex with respect to x ∈ (0, ∞) and the second-order derivative of ln f (x, y) with respect to x is completely monotonic in x ∈ (0, ∞).
For given x ∈ (0, ∞), the function f (x, y) is logarithmically concave with respect to y ∈ (0, ∞) and the first-order derivative of − ln f (x, y) with respect to y is completely monotonic in y ∈ (0, ∞).
in y ∈ (0, ∞). If 0 < x < 1, then the second-order derivative of ln F x (y) is completely monotonic in y ∈ (0, ∞); if x > 1, then the second-order derivative of − ln F x (y) is completely monotonic in y ∈ (0, ∞).
Proofs of the theorems
Proof of Theorem 1 Taking the logarithm of f (x, y) and differentiating with x for k ∈ N yields (1 + x) is strictly increasing in (0, ∞) if and only if α ≥ i, where i ∈ N and α ∈ R. In particular, the functions x 2i ψ (2i) (1 + x) and x 2i+1 ψ (2i) (1 + x) are decreasing and the functions x 2i−1 ψ (2i−1) (1 + x) and x 2i ψ (2i−1) (1 + x) are increasing in [0, ∞). By this and formula (5), it is readily obtained
Since the digamma function ψ(x) is increasing in (0, ∞), the first derivative
Applying for x > 0 and k ∈ N
in (7) easily yields 
